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NON-AMENABLE PRINCIPAL GROUPOIDS WITH WEAK
CONTAINMENT
VADIM ALEKSEEV AND MARTIN FINN–SELL
Abstract. We construct examples of principal groupoids that have weak con-
tainment but are not amenable, thus answering questions by Claire Anantharaman-
Delaroche and Rufus Willett.
1. Amenability and weak containment
Through its many guises, amenability of a group has become a focal concept
within both group theory and operator algebras. By a classical result of Andrzej
Hulanicki ([Hul64]), the amenability of a discrete group is equivalent to the property
that all unitary representations of the group are weakly contained in the left regular
representation – we refer to this property as weak containment.
Recently, there has been interest in how far Hulanicki’s classical result can be
generalised, and in particular it has been shown by Rufus Willett in [Wil15] to fail
for groupoids that are bundles of groups. The purpose of this note is to address
Question 4.1 from [AD16] (that was also raised in Remark 3.6 of [Wil15]), namely
we give an example of a principal groupoid that has weak containment, but is not
amenable.
For a information about e´tale groupoids, their C∗-algebras and representations,
we suggest [BO08, Chapter 5]. For more general information concerning locally
compact groupoids, we refer to [Ren80] and [ADR00] and references therein.
1.1. Preliminaries. Throughout the text, G will be an e´tale Hausdorff topological
groupoid, and for any subset of the unit space U ⊂ G(0) we will denote by G|U the
restriction of G to U , i.e the subgroupoid of G consisting of all the elements with
both source and range in U . We remark that this groupoid is open (resp. closed)
if U is open (resp. closed) in G(0).
Definition 1.1. G has weak containment if the left regular representation λ :
C∗(G)→ C∗r (G) is a ∗-isomorphism.
From [ADR00, Theorem 6.1.4] it is known that all measurewise amenable groupoids
have weak containment. We recall the general strategy used in [Wil15] to construct
a non-amenable groupoid with weak containment.
Definition 1.2. Let Γ be a residually finite finitely generated discrete group and
let N := {Ni}i be a family of nested, finite index normal subgroups of Γ with
trivial intersection. Let pii be the quotient map Γ → Γ/Ni. The HLS1 groupoid G
associated to Γ and N is:
G :=
⊔
i∈N+
{i} ×Xi
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1After Nigel Higson, Vincent Lafforgue and George Skandalis who first considered this con-
struction for a related purpose in [HLS02].
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where
Xi =
{
Γ/Ni if i ∈ N
Γ if i =∞
equipped with the topology generated by the following sets:
• the singletons {(i, g)};
• the tails: {(i, pii(g)) | i ∈ N+, i > N} for every fixed g ∈ Γ and N ∈ N.
One can check that equipped with this topology and the obvious partially defined
product and inverse G becomes an e´tale, locally compact Hausdorff groupoid with
unit space N+. Moreover, it is amenable if and only if Γ is amenable.
Considering the open invariant set U := N ⊂ G(0), we obtain a commuting
diagram with exact rows consisting of C∗-algebras associated with the restriction
groupoids G|U and G|Uc :
0 // C∗(G|U )

//

C∗(G) //

C∗(G|Uc) //

0
0 // C∗r (G|U ) // C∗r (G) //
%%
QU //

0
C∗r (G|Uc) // 0
where QU is the quotient by the ideal C
∗
r (G|U ). The groupoid G|U is amenable
and therefore has weak containment, and so to deduce weak containment for G it
is enough to show that the map C∗(G|Uc)→ QU is isometric. In [Wil15], it is then
proved that C∗(G|Uc) ∼= C∗(Γ), C∗r (G|Uc) ∼= C∗r (Γ), and that vertical arrows come
from canonical maps between these; therefore weak containment is automatic if
Γ is amenable. In the non-amenable case, weak containment is deduced from the
property FD of Lubotzky–Shalom ([LS04]):
Definition 1.3. Let Γ be a countable discrete group. Γ has property FD if finite
dimensional representations are dense in the unitary dual of Γ; a family of finite
quotients X := {Γ/Nκ}κ is an FD family if the set of representations of Γ which
factor through the quotient maps {piκ : Γ → Γ/Nκ}κ is dense in the unitary dual
of Γ.
This is then used to deduce the key result in [Wil15]: if X is an FD family,
then the C∗-algebra QU in the corresponding HLS groupoid G is isomorphic to the
maximal group C∗-algebra C∗(Γ) through the vertical map C∗(Γ) ∼= C∗(G|Uc) →
QU in the above diagram. However, non-amenability of Γ implies that the groupoid
G is non-amenable, and this finishes the construction.
2. Constructing examples
Let Γ be a non-amenable residually finite group with a countable nested (FD)
family X and let G be the HLS groupoid from the previous section. We are going
to consider a transformation groupoid constructed from G and the set of finite
quotients X. Let X :=
⊔
iXi. We begin by constructing the unit space for this
groupoid as a second countable compactification of X.
For g ∈ Xi, consider the shadow of g in X:
Sh(g) :=
⋃
j>i
{x ∈ Xj | pii,j(x) = g},
where pii,j : Γ/Nj → Γ/Ni is the canonical quotient map.
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Let B be the G-invariant C∗-subalgebra of `∞(X) generated by {δx}x∈X and the
sets of projections {1Sh(g))}g∈Xi for all i ∈ N. We will consider the spectrum of B,
which we denote by X̂. As B is G-invariant, X̂ carries a natural G-action, and we
consider the transformation groupoid G := X̂ o G.
We remark that G(0) contains a obvious open invariant subset X ⊂ G(0) corre-
sponding to the ideal generated by δx, x ∈ X, and let ∂X ⊂ G(0) be the closed
(compact) complement. The following lemma describes it as a Γ-space.
Lemma 2.1.
i) The space ∂X is Γ-equivariantly homeomorphic to Γ̂X, the profinite com-
pletion of Γ with respect to the family X.
ii) The algebra A := C(∂X) is a direct limit of finite-dimensional Γ-C∗-
algebras Ai, such that the action on Ai factors through Γ/Ni.
Proof. The inclusion ∂X ⊂ X̂ gives rise to a restriction homomorphism r:B =
C(X̂) → C(∂X) = A which obviously contains all elements δx, x ∈ X, in its
kernel. Thus, A = C(∂X) is generated by images of the projections pi,g := 1Sh(g),
i ∈ N, g ∈ Xi.
Consider the finite-dimensional C∗-algebras Ai generated by the projections pi,g,
g ∈ Xi. Notice that the action of Γ on Ai obviously factors through Γ/Ni, as it is
isomorphic to the natural left action of Γ on C[Γ/Ni]. Moreover, there are natural
Γ-equivariant injective homomorphisms
ρi,j :Ai → Aj ,
ρi,j(pi,g) =
∑
pii,j(g′)=g
pj,g′
corresponding to (Γ-equivariant) projections Γ/Nj  Γ/Ni.
Furthermore, the element pi,g − ρi,i+1(pi,g), considered as an element of C(X̂),
equals δg, and therefore the kernel of the restriction map r is generated by such
differences. As a consequence, we get a Γ-equivariant isomorphism A ∼= lim−→Ai,
whence the boundary ∂X is the inverse limit of the corresponding projective system
of Γ-spaces. By the remark above, this projective system of spaces is naturally
identified with the projective system {Γ/Ni}i∈N, equipped with the natural left
Γ-action. This finishes the proof.

Remark 2.2. As the C∗-algebras Ai are finite-dimensional, they have natural reg-
ular representations λi:Ai → B(Ai), where Ai carries the Hilbert space structure
obtained from the natural trace τi: pi,g 7→ 1 as well as a unitary representation
αi: Γ → U(Ai) given by the Γ-action. Let φi be the bijection that sends pi,g to
pii(g). This induces an isomorphism φi between Ai o Γ/Ni and the full matrix
algebra M|Xi|.
The consequence of Lemma 2.1 is that we can identify the boundary piece of G
as
G|∂X∼= Γ̂X o Γ,
where the latter groupoid is the transformation groupoid with the natural free
action. It follows that G is a principal groupoid as the action on X is obviously
free: G|X∼=
⊔
i∈N(Xi o Γ/Ni) by construction.
Attached with this decomposition of X̂ into X and ∂X we obtain a commuting
diagram with exact rows:
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0 C∗(G|X) C∗(G) C∗(G|∂X) 0
0 C∗r (G|X) C∗r (G) QX 0
C∗r (G|∂X) 0
q
Lemma 2.3.
i) If the map q:C∗(G|∂X) → QX in the above diagram is an isomorphism,
then G has weak containment;
ii) If the map QX → C∗r (G|∂X) in the above diagram is not an isomorphism,
then G is non-amenable.
Proof. As G|X∼=
⊔
iXioΓ/Ni is a disjoint union of pair groupoids with the obvious
discrete topology, it is amenable and therefore has weak containment. i) now follows
from the above diagram by the five lemma. ii) follows as amenability passes to
restrictions to closed invariant subsets. 
As a final preliminary before proving our result, we describe an ambient setting
for QX and C
∗
r (G).
Lemma 2.4. There is a natural isometric embedding
C∗r (G) ↪→
∏
i∈N
M|Xi|,
which induces an isometric embedding
ι:QX ↪→
∏
jM|Xj |⊕
jM|Xj |
.
Proof. Since X is dense in X̂, we can use [KS04, Corollary 2.4 a)] to see that the
norm of an element f ∈ C∗r (G) is equal to supx∈X ‖λx(f)‖, where λx is the left
regular representation on s−1(x) (which is equal to Xi if x ∈ Xi). Thus we get a
natural embedding
C∗r (G) ↪→
∏
i∈N
M|Xi|,
where M|Xi| is the full matrix algebra over Xi (viewed as bounded operators on
`2(Xi)). As G|X is a union of pair groupoids, we get C∗r (G|X) ∼=
⊕
jM|Xj |, which
implies that QX is isometrically embedded into
∏
j M|Xj |⊕
j M|Xj |
.

Our goal now is connect the maximal crossed product of A by Γ with QX using
that Γ has property (FD).
Proposition 2.5. The maximal crossed product AioΓ embeds into
∏
j>i
Aj oΓ/Nj
by the natural maps ρi,j o pij.
Proof. The claim is equivalent to the statement that every representation of AioΓ
is weakly contained in a representation factoring through Aj o Γ/Nj . To this end,
consider an arbitrary representation σ:Ai o Γ→ B(H) and an element
x =
∑
g∈Γ/Ni
pi,gfg ∈ Ai oalg Γ,
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where fg ∈ C[Γ] and let ξ, η ∈ H be arbitrary vectors. We have
〈xξ, η〉 =
∑
g∈Γ/Ni
〈fgξ, pi,gη〉
By property (FD) of Γ for every ε > 0 we get a j > i, representation σ′: Γ 
Γ/Nj → U(H′) and vectors ξ′1, . . . , ξ′N , η′1, . . . , η′N ∈ H′ such that∣∣∣∣∣∣〈xξ, η〉 −
∑
g∈Γ/Ni
N∑
`=1
〈σ′(fg)ξ′`, η′`〉
∣∣∣∣∣∣ < ε.
Consider now the Hilbert space H′′ := H′ ⊗ Aj and the representation σ′′ :=
σ′ ⊗ αj : Γ → U(H′′) (which factors through Γ/Nj) as well as the representation
mi,j := idH′ ⊗(λj ◦ ρi,j):Bi → B(H′′). It’s easy to see that these give a covariant
pair and that for every h ∈ Γ/Nj we have an equality of matrix coefficients
〈σ′(fg)ξ′`, η′`〉 =
〈
σ′′(fg)(ξ′` ⊗ pj,h), η′` ⊗
∑
g′∈Γ/Nj
pj,g′
〉
Therefore any matrix coefficient of any representation of AioΓ is approximated
by a matrix coefficient of a representation factoring through AjoΓ/Nj for a suitable
j, which ends the proof. 
We now can prove the following:
Proposition 2.6. The maximal crossed product AoΓ is isomorphic to QX through
the canonical quotient map q:Ao Γ→ QX .
Proof. In view of Lemma 2.4, it is enough to prove that the composition
ι ◦ q:Ao Γ→
∏
jM|Xj |⊕
jM|Xj |
is isometric. By Lemma 2.1 and the continuity of the maximal crossed product
functor, for this it is enough to prove that the map ι ◦ q is isometric on Ai o Γ.
To this end, take an arbitrary element of the algebraic crossed product Aioalg Γ
z =
∑
g∈Γ/Ni
pi,gfg,
where fg ∈ C[Γ], and observe that it lifts to C∗(G) as the family of elements
(zj)j =
 ∑
g∈Γ/Ni
pi,g|Xjpij(fg)

j
∈ C(Xj)o Γ/Nj , j > i.
Using the isomorphisms φj :Aj oΓ/Nj →M|Xj | defined in Remark 2.2, we now see
that the image of z under the composition ι◦ q coincides with (φj ◦ (ρi,jopij))(z) ∈∏
j>i
M|Xj |, because ρi,j(pi,g)(x) = pi,g(x) for all x ∈ Xj .
Therefore the map ι ◦ q:A o Γ →
∏
j M|Xj |⊕
j M|Xj |
coincides with the map A o Γ →∏
j M|Xj |⊕
j M|Xj |
induced by φj ◦ (ρi,j o pij). The latter is isometric by the previous propo-
sition, and therefore we are done.

Theorem 2.7. Let Γ be a non-amenable residually finite group with a countable
nested (FD) family X. Then the groupoid G constructed above is principal and
non-amenable, but has weak containment.
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Proof. In view of Lemma 2.3 and Proposition 2.6, it remains to prove that the map
QX → C∗r (G|∂X) is not an isomorphism. We remark that ∂X has a Γ-invariant
probability measure obtained by taking the weak∗ limit of the normalised counting
measures on each Xi. By [WY14, Lemma 7.1, Remark 7.1], we get that QX contains
C∗(Γ) as a ∗-subalgebra, which maps onto C∗r (Γ) under the quotient map QX →
C∗r (G|∂X). Hence the map QX → C∗r (G|∂X) is not an isomorphism. This finishes
the proof. 
We remark that [LS04, Theorems 2.2 and 2.8] give a wealth of examples of Γ
that satisfy the conditions above: notably free groups and surface groups (also
cyclic extensions of these groups).
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